A characteristic mode (CM) formulation is developed for the modal analysis of microstrip antennas. It is derived from the mixedpotential integral equation (MPIE) with spatial-domain Green's functions for multilayered media, where spatial-domain Green's functions take into account the effect of the multilayered media. The resultant characteristic currents and fields are orthogonal with each other among different orders of modes. Together with the eigenvalues and their deduced indicators, the CMs provide deep physical insights into the radiation mechanisms of microstrip antennas. Numerical results are presented to confirm CM formulation's effectiveness and accuracy in determining the resonant frequencies, radiating mode currents, and modal fields of microstrip antennas. As opposed to the very popular CM formulation for conducting bodies, comparative studies are presented to show the quite different modal analysis results by considering the multilayered media.
Introduction
Microstrip antennas (MSAs) have gained great interest in modern wireless communications due to their attractive features such as low profile, light weight, and ease of fabrication. Nevertheless, MSAs usually have narrow bandwidths and can only operate effectively in the vicinity of resonant frequencies. Therefore, it is important to accurately determine the resonant frequencies of MSAs. Moreover, obtaining the radiating modes of MSAs is also of great importance for practical designs. A number of methods have been proposed to determine resonant frequencies of MSAs. These methods can be generally classified into analytical and numerical methods. Analytical methods such as cavity models [1, 2] and transmission-line [3] provide intuitive physical explanations to the radiation mechanism. However, they are only suitable for some canonic structures. Corrected formulae for irregular shaped MSAs become quite complicated [4] . Although electromagnetic modeling techniques like the method of moments (MoM) are well developed for MSA analysis, feedings have to be properly designed to get the true radiating modes. In [5] , the MoM was employed to determine the resonances of irregularly shaped MSAs by seeking the frequencies at which the real part of the surface current density is maximum and the imaginary part is zero. Although this method was effective in finding resonant frequencies, the modal fields (or modal currents) strongly depend on the incident plane wave used in the MoM simulation.
Recently, the characteristic mode (CM) theory [6] for conducting bodies, which is based on the electric field integral equation (EFIE), has been employed for modal analysis of MSAs. In [7, 8] , resonant frequency of the fundamental TM 10 mode for rectangular patch antennas with air substrate is analyzed using the CM theory for conducting bodies. Similarly, U-slot and E-shaped MSAs with air substrate were also analyzed using the CM theory for conducting bodies [9] . However, dielectric material with > 1 is used extensively in MSA designs. As will be demonstrated, the CM theory for conducting bodies has many limitations in the modal analysis of MSAs. This paper develops a CM formulation from the mixedpotential integral equation (MPIE). Spatial-domain Green's functions (GFs) of multilayered media are used in the MPIE to account for the effect of multilayered media. Numerical 
CM Theory for MPIE with Multilayered Media GF
The conventional CM theory was initially developed by Garbacz and Turpin [10] and then refined by Harrington and Mautz [6] in 1971. The resultant CMs define a set of orthogonal currents that can be used to expand the induced current due to external sources. Because of such attractive properties, the CM theory has been extensively applied in various antenna designs [11] [12] [13] . In order to adapt the CM theory to MSAs analysis, CM formulation for MSAs with multilayered media is developed.
The MPIE with spatial-domain GFs of multilayered media (infinite in transverse directions) allows accurate modeling surface currents in multilayered media environment [14, 15] . We assume that a microstrip antenna is illuminated by an incident wave E and the total tangential electric field must vanish on the conducting patches. It reduces to the following MPIE:
where J is the unknown surface current and and are the spatial-domain GFs for dyadic magnetic vector and electric scalar potential for multilayered media, respectively. The spatial-domain GFs can be computed from an inverse Hankel transform of their spectral-domain counterparts̃, ,
0 ( − ) .
The spatial-domain GFs are able to account for the effects of the grounded multilayered media in MSAs. Hence, the CM formulation developed from MPIE can better capture the resonant frequencies and radiating mode currents of MSAs. Due to the computational expense for the numerical integration of the highly oscillatory integrand, several efficient algorithms have been developed to accelerate the numerical integration. To date, the discrete complex image method (DCIM) [14, 15] has mostly been used for radiating patches buried in multilayered media. The DCIM is based on extracting the quasi-static part and surface wave contributions from the spectral-domain GFs and then approximating the remainder as a series of complex exponential functions. The DCIM depends on Sommerfeld's identity:
Therefore, if the spectral-domain GF is approximated in terms of exponential functions, the inverse Hankel transformation in (2) can be evaluated analytically in a closed form for each exponential term. The CPU time for the numerical evaluation of the transformation in (2) is thus reduced. Hence, the DCIM is implemented in this paper for the spatialdomain GFs evaluations.
After the spatial-domain GFs is calculated, the MPIE can be easily discretized using the MoM procedure. By applying the standard Galerkin's procedure to the MPIE with using the RWG basis functions f (r), the elements of the resultant impedance matrix Z MPIE can be computed from the following:
As observed from (3), the impedance matrix Z MPIE is symmetric. Following the derivations in [6] , an MPIE based generalized eigenvalue equation can be obtained for CM analysis:
where R MPIE and X MPIE are the real and imaginary parts of Z MPIE . Both of them are symmetric matrix. Moreover, R
MPIE
is also a semidefinite matrix. is the eigenvalue associated with each characteristic current J . Because of the symmetry of R MPIE and X MPIE , both of J and are real. The characteristic current is generally normalized according to ⟨J , R MPIE ⋅J ⟩ = 1, such that each characteristic current J radiates unit radiation power. After the normalization, the characteristic currents satisfy the following orthogonal relationships:
where is the Kronecker delta function. The electric field E and magnetic field H radiated by the characteristic current J are termed as characteristic fields. Making use of the complex Poynting theorem, orthogonal relationships for the characteristic fields are obtained [6] ,
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In practical radiation problems, the radiating field of a microstrip antenna is of finite extent. If we choose the radiation surface in (7) to be the radiation sphere at infinite far-field region, we have
Equation (8) illustrates that the characteristic fields form an orthogonal set in the far-field region. The orthogonality of characteristic currents and fields can be also observed from the numerical results in Section 3. Let = in (7); we can see that the complex power due to the characteristic current J consists of two parts: the radiated power (real power) and stored energy (imaginary power):
Apparently, characteristic mode with = 0 does not contribute to imaginary power. It indicates that such radiating mode can be fully excited for radiation purpose. However, for those inefficient characteristic modes with larger | |, current density with larger amplitude is required to give unit radiating power, because large amount of energy is stored within the system. Therefore, for modes with the same current density, the radiated power (i.e., real power) for mode = 0 is maximized as compared with those that have larger | |. This is the most direct way to understand how the magnitude of an eigenvalue is related to the behavior of a mode. Generally, eigenvalue ranges from −∞ to +∞. Equation (10) clearly shows that the sign of the eigenvalue indicates whether a mode stores more electric energy than magnetic energy ( < 0) or vice versa ( > 0). = 0 indicates that the structure is in modal resonance.
Other than the eigenvalues tell how the mode can be efficiently excited for radiation purpose, modal significance is also a popular indicator in understanding resonant behaviors:
The modal significance represents the contribution of a particular mode to the total radiation responses when an ideal external source is applied to fully excite the mode. In particular, MS = 1 indicates that the structure is in resonance at the calculated frequency. In addition, characteristic angle is also of great importance for antenna designs where multiple modes need to be excited for certain radiation performance (e.g., circular polarization) [9] . It is defined as follows:
It denotes the phase delay angle between the characteristic current and its associated characteristic field on the radiating surface.
Numerical Results and Discussion
To confirm the validity of the MPIE based CM theory, MSAs with single layered and three-layered dielectric substrates are investigated. Comparative study is performed to intuitively show the differences between the CM theory of conducting bodies and the MPIE based CM theory for multilayered media.
Rectangular Patch Antenna.
A rectangular MSA with dimensions of × = 76 × 50 mm 2 was analyzed from 0.8 GHz to 2.2 GHz. The patch is printed on a grounded dielectric substrate with relative permittivity = 3.38 and thickness ℎ = 1.524 mm. In [2] , the resonant frequencies of the first four modes are computed using the cavity model. The modes TM 10 , TM 01 , TM 11 , and TM 20 resonate at 1.075 GHz, 1.605 GHz, 1.955 GHz, and 2.145 GHz, respectively. These modes have proved to be the natural radiating modes that can be physically excited at their own resonant frequencies.
To clearly demonstrate the effectiveness of the proposed approach, a comparison study among three different models is carried out. In the first model, only an isolated rectangular patch in free space is considered. This model has been used for CM analysis of MSA in [11] to get some physical insights of MSAs. Figure 1(a) shows the modal significances solved for this model by using the CM theory of conducting bodies. As can be seen, the patch modes exhibit very wide bandwidth, although such wide bandwidth is generally not achievable in practical MSA designs. This is mainly due to the ignorance of the ground plane in practice.
To investigate the effect of the ground plane, the second model which consists of a rectangular patch and an infinite ground plane is considered for CM analysis. The patch size is the same as that in the first model. The space between the patch and the ground plane is filled with air and the distance between them is 1.524 mm. Figure 1(b) shows the solved modal significance of this model. As can be seen, there are four resonant frequencies found in the frequency range of 0.8-4.0 GHz. However, they are quite different from those predicted in [2] . The discrepancy in resonant frequencies may be due to the ignorance of the dielectric material in the CM analysis.
To fully consider the true configurations of the MSA, the dielectric material ( = 3.38) between the patch and the ground plane is included in the third model, and the proposed MPIE based CM formulation is implemented to solve the resonant frequencies. Figure 1(c) shows the modal significances of the third model. The CMs are sorted over the whole frequency band by using the modal tracking technique in [16] . Regarding the physical meaning of the modal significance, four resonances are observed over the frequency band. They are located at 1.08 GHz, 1.60 GHz, 1.95 GHz, and 2.13 GHz, respectively. Evidently, they agree well with the resonant frequencies reported in [2] .
However, rectangular MSAs with grounded dielectric substrates were previously analyzed using the CM formulation of conducting bodies [6, 11] , where either the ground plane or the dielectric material is ignored in CM analysis. Although one can observe some radiating modes from such CM analysis, there are many physical explanations that have not been fully addressed. This example clearly shows the importance of considering the grounded dielectric substrate in the CM analysis of MSAs. Figure 2 gives the characteristic currents and fields (at their own resonant frequencies) solved from the MPIE based CM formulation for the third model. First, we observe that the four modes are orthogonal with each other, in terms of the surface current polarizations and magnitudes. Second, they agree well with the physically excited current distributions obtained by putting a coaxial probe near the corner of the patch [2] . Third, because CMs are excitation independent, which means they are inherent to geometry and material properties, hence, it is quite attractive to get these modal solutions before feeding designs. The characteristic currents in turn provide useful guidelines on how to design feedings for the excitation of each radiating mode.
For comparison purpose, the characteristic currents and fields solved from the first model (an isolated rectangular patch in free space) are plotted in Figure 3 . As Figure 1(a) shows that the resonances of the isolated patch are not as evident as in Figures 1(b) and 1(c) , all the CMs in Figure 3 are plotted at the center frequency 1.5 GHz. As can be seen, the modal fields of the 1st, 2nd, 4th, and 5th modes in Figure 3 are very close to the radiating modes TM 10 , TM 01 , TM 11 , and TM 20 , respectively. This is the reason that the CM theory of conducting bodies can be used to roughly predict the modal behavior of MSAs. On the other hand, the 3rd and 6th modes do not appear in the MPIE based CM analysis results. They are defined as the inductive modes in [11] because the characteristic currents form closed loops over the two-dimensional plate and exhibit special inductive property. In [11] , CabedoFabres et al. have also demonstrated that such modes did not resonate and presented an inductive contribution at each frequency [11] . However, they are not present in the case of a patch with ground plane. This comparison study clearly shows the impact of the grounded dielectric substrate and the necessity to consider the grounded dielectric substrate in CM analysis through using the MPIE formulation, especially in the case that we need to get all the true radiating modes of a MSA.
Dual-Band Circularly Polarized Antenna.
Although CM theory for PEC bodies [6] has been used to investigate the circular polarization potential of an isolated triangular patch without dielectric substrate and ground, practical circularly polarized MSA with grounded substrate has not been discussed before in the framework of characteristic mode theory. The mechanism of dual-band MSA has also not been discussed through characteristic mode analysis. To fully explore the application potential of the MPIE based CM theory in more complicated microstrip antenna designs, this section focuses on the CM analysis of a dual-band circularly polarized MSA with three-layered dielectric substrates using the MPIE based CM formulation. The dual-band circularly polarized MSA was originally reported in [17] , and the configuration and dimensions can be also found in the inset of Figure 4(b) . A coaxial probe directly feeds the top patch through a via hole on the bottom patch. Because CMs are excitation independent, it is able to get modal solutions of MSAs without considering any specific feeding structures. Hence, the coaxial probe and the via hole are neglected in the CM analysis.
Figures 4(a) and 4(b) show the modal significances and characteristic angles, respectively. As can be seen, there are four resonances over the frequency band of 1.8-3.1 GHz. The first two modes coresonate in the 1.9 GHz band, and the 3rd and 4th modes coresonate in the 2.8 GHz band. The vertical dash lines in Figures 4(a) and 4(b) indicate the frequency at which the characteristic angle differences between modes 1 and 2 and modes 3 and 4 exactly equal 90 ∘ . As can be seen, the first two dash lines center at about 1.9 GHz and the 3rd and 4th dash lines center at about 2.8 GHz band. Moreover, the modal significances of mode 1 and mode 2 between the first two dash lines are comparable with each other. The same observation is clearly seen in the 2.8 GHz band. Considering the physical meanings of the modal significance and the characteristic angle, if the first two modes were excited simultaneously, they will provide comparable radiation power and generate far fields with a phase difference around 90 ∘ . Clearly, these are the radiation mechanisms of this dual-band CP antenna. Figure 5 shows the characteristic currents and characteristic fields of the four CMs. In Figures 5(a)-5(d) , the left figure shows the characteristic currents on the top patch, while the right figure shows the characteristic currents on the bottom patch. As can be seen, the first two modes have orthogonal radiating currents on the bottom patch, whereas the currents on the top patch are very weak. Hence, the bottom patch dominates the radiation in the lower band. The orthogonality of the first two modes ensures the CP radiation. The characteristic currents and characteristic fields of the 3rd and 4th modes are also orthogonal with each other. The characteristic currents on the bottom and top patches have comparable current magnitudes, which indicate that both of the two patches resonate in the higher band, and contribute together to the total CP radiation in the 2.8 GHz band.
In summary, the modal significance, characteristic angle, and characteristic currents clearly illustrate that CP radiation can be realized by properly exciting and combining coresonant CMs. Dual-band performance is also observed from the CM analysis results.
Conclusion
The CM theory based on the MPIE with spatial-domain GFs for multilayered media is proposed for the modal analysis of microstrip antennas with multilayered media. Against the conventional CM theory in [6] , which was formulated from EFIE of PEC bodies and then was borrowed for modal analysis of MSAs, the present approach fully describes the real physics of the MSA geometry. Owing to this essential difference, this method accurately solves the resonant frequencies and near/far modal fields for dominant mode as well as higher order modes. These modal analysis results are quite attractive and will systematically guide practical MSA designs. Examples are presented to show the accuracy and validity. MSAs designs with the proposed CM theory will be further addressed in our follow-up efforts.
